
Topic ZEEquivalence relations



Ref: Let S be a set. A ration

~ on
S is a

subset of SXS .

If (a,b) an element
ofa then

We say
that related to

b

and write a
rb .

that a
is not

Otherwise
we say

and write a tub .

related to
b

Tate: Normally we just
give a

formula

to define~
and don't

treat it as

a subset of
SXS .

-

-



: Define a relation -

on S = E where awb

a = b
.means

For example ,
5wll Since

5 =11 .

And-10-3
since

- 10 13 .

But 34-10
since 3-10

Formally you
can think of

1 =2(5, 11) , (-10 , 3) ,
(2, 20) , (1 ,3) . . .

↑ ↑
↑ ↑

means
means

means
means

2120 113
5El

- 10 [

but we
won't do this.



#: Define a relation -

on I where awb means

thatla) = (b).

For example,

5u(-5) since
(5) = 1 -5)

since121
= (2)

2- I

1 - 21 = 12/
- zu2 since

7 + 3
since(7/ + 13)

4 N-10
since (4) +1-1d



: Let S be a set and w be

a relation on S .

We say that

~ is an valence
relation on

5

if three properties
hold :

①Creflexivel awa
for all

as

② (symmetric)
If a

bes and arb,

then bra
.

③ (transitive)
If a

,
b
,

cts and

amb
and bus

then
and



Def : Suppose
that ~ is an

-

equivalence
relation on

5
.

Given XES ,
define the

equivalence class
ofX to be

-

= = Ey/yeS and xry]
-

could also

put yarx
here since

~ is

symmetric

Denote the set
of all

equivalence classes
by S/r



#: Consider the relation

↓ on E .

& is reflexive
on

since ad
a for all

at 7.

2

& is not symmetric
on

since for example
3 IS

but 543 .

& since

↓ is transitive
on

if a <b and bac ,

then
add.

So
,
I is not an equivalence

relation on 2 .



# Consider ~ on E where

awb means
(a) Ib) .

nequivalenceclaim :
-

relation on E -

fi
Creflexivel Let

at E .

Then (a)
= (a) .

so awa

(symmetric) Let 4,
bel with arb .

Then1al
= 131 .

So , (b)
= (a) .

Thus ,
bra

(transitivel
Let ab ,
ce

and bec.
with amb



Then 1a) = (b) and (b) = k'
.

Thus
,

lat = 161 = 1 )
.

So ,
arc.

Eclaim

Let's compute some equivalence

classes for
vi

- = Eylyez and Owy3

o = ly)3
= 2313 -> I

and
-

(of= ly)

=30]

T =Ey/3 ER
and Ivy 3

= Ey/y - E
and 1 = ly13
-

11 = 1y)

= El , - 13



F =23(yEl and - Ivy 3

= Ey/yEZ and 1 = (y)3
-

1-i = (y)
= E1 , -17

= = E /Y EZ and ly1
= 23
m

yuz

= E - 2 , 23. .

= = E /Y EZ and ly1
= 23
m

yuz

= E - 2 , 23 (1 = 1 - 2)

So we
have the following

:

↓



- =204
T = [1 , - 13 =

F

z = 52 ,

- 24 =
= 2

5 = 23 ,- 34 =
=3

-

4 = 24 ,-44 =
- 4
q

*

: :
·

E: 2/

-⑳
- 4

The set of equivalence
classes is

/ = 25 , T , 2 ,
5
,
7
,
0003



Super-duper Equivalence *C mrelation theorem

Let ~ be an equivalence

relation on a set S - Q zeZ

Let X
, y ES .

ie
Then

① x E X T = El ,- 13 =F- ↑
above
-

② x =5 iff x Ey -IET

& x =5 iff xwy - 1 wb

x=

④Enj =Giff
X + Y

⑭
T = E1 , - 13

fi I z= 22 , -2)
0 We know

E =Eyes/Xry] Tnz = 0
1 + 2

Since~ is reflexive , Xwx
. -

So , XEX . Q↳
--

.② (=)) Suppose X = Y
By 1

,
XEX .



Thus
,
since XE * and x = j we get xEj .

() Now suppose X EJ .

Why is x = 5 & x- b)eClaim li
Let zeX

↳
Pclaim li EThus

,
XVz . -

i =&bes(3-b)

Also
,
sinceXE5 we know Yux .

Since yox
and X-z , then

by transitivity
we get yuz.LThus

,
zEJ .

↳ain(

-

I
in2 : Let zej IThen , yuz .

Since xEJ we know ywX .

Since yNX , by reflexivity



we get xwy .

I Since Xwy and yez , by
transitivity we get XNz .

I Since Xwz we know zET

EClaim I-
By claimI and claim

2

we get x = J . &E
-

③
(#) Suppose

F = J .

Then by I we
get xEJ .

Thus , yex
.

By symmetry
we get xwy.



(8) Suppose x-y .

By def , get yex

By 2 we get y =X.

③
-

④ Instead of proving
I

" *j = 0 iff x+Y

let's prove
the contrapositive

"Enj #d iff xwy
IQ
is equivalent to

& P iff -QSuppose L
= 15 +P. Edit to eThen there
exists

zex 15 .



So
,
zEX and ZEJ .

Then
, Xuz

and yuz .

By symmetry we get ZwY .

Thus
, since X-z

and ZNy,

by transitivity we get
XNy.

() Suppose X-y .

Then by 3
,
we get

x =5 .

By 1
,

X EX .

-

So
,
since x

= y
and X E*

we have XE
* 15 .

m
-

this is just X

-+ 4
.



R: Let a
,
be

s

We say that addes
b if

there exists R-K where

b = al . If a divides b

then we write
al b.

If a does not
divide b

then we write
a Xb .

3/12because 12 = 3
. 4
W

k

-
Ex : (-4)/12 because

-

12= 4) 3)
R



Ex : 12X3 because
-

the only sol to 3 = 12 : k

would be k = E2 = T
and
-

: Let a,b,
ne with n, 2 .

We say
that a and

b are
-

Event
module n if

n)(a - b) .

If this is

the case
then we

write

a =
b (modn) and if not

write a b (Mod n) .

then we

Do , here congruence
module n is

a relation
on 2



#X: Let n = 3 .

Q:
- 2 congruent to

10 module3O

Is

We have

-2) - (10)
=
- 12 = 3 . ( 4)

so
,
3) (E2) - 10).

Thus , -2
= 10 (Mod

3).

ie
distance

is 12



Q : Is 3 congruent to 127
-

module 3 ?

4/

3 - 127
= - 124 3 [24

We have

EAnd 3 X-124 .

Thus
,

3 E127 (mod 3)

-C
·
distance is

124
is not

which
divisible by

3



Ex: Is 4 = 18 (mod 7) !

Yes, because

4 - 18 =
- 14 = 7 . (-2) .

Fe
,
7/(4-18).

=°↓ jo
--
distance is

a multiple
of 7



Therem : Let nEK with n > 2 .

module n is an

Then , congruence on # .

equivalence
relation

That is ,

① (reflexive)
aza(modn) for all

a fE.

② (symmetric)
If a ,be R and a b (modn),

then bea (mod n).

③ (transitivel
If a , b ,

ceR and

ab(mod n)
and b = <(moda),

then a C (modn) .



of: x = Y(mod n)

①Let azz
. I means

x- y = nR

for some
We have ↳
a - a =

0 = H . 0
.

Thus
,
n/(a-al .

Hence, a
almod n) .

-
② Let

a
,
be K .

a = b(mod
n).

Suppose

Then , n)(a-
b) .

That is ,
a-b = nk

where
[kE R-

Multiply by -1 gives

b - a = n( - k) .

-

-REL since ke



Hence n/(b-a) .

erefore
bealmodal .

③ Let a ,
b
,
ce .

Suppose
a Eb(modn)
bec(mod n) .

and

Then, n)(a- b)
and n)(b - c) .

Thus , a - b = nk ,
and b-c =

nk

Where k,
RzEE .

It follows that

a - c = (b +
nk ,
) - (b- nkz)

= nk , + nkz

= n(k ,
+ kz)
-
ki+RzEE since ki ,kzEZ



Thus
, n)(a-d

So
,
a C (mod n). ⑭

-
-

Def : Let neI with
n 2

.

- set of

We denote
the

equivalence
classes

module n

as
# n

-

Previously, if~ Some people
was an equivalence write /2
relation On

S
,
thenWUthe set of instead of En

equivalence
classes

was denoted 5/
⑮



Ex: Let n = 2

o = Exe/x = 0(mod2)Y
= ...

-6
,
-4
,

- 2
,
0
,
2
,
4
,
6, . .

T = Exe2)x = )(mod
(3

= & ..., -5 , -3 ,
-1
,

1
,
3
,
5
,
7, . .

i = Exe2)x
=
z(modal

=

E ..., -6 ,
4
,

- 2
,
0
,

2
,
4
,
6, ...h

= T

= = Exe R(X
= - 1(mod 213

= E ..., - 5 ,
- 3
,

- 1
,
1
,
3
,
5, ...

-T



We will get that two

- == ==2
=4 =+ =E ==6 = ...& equir .classes

T == =5 =
=3 = 5 =

=S = ...

The set of equivalence
classes is

E2= 20 ,73

Tpicture 2-

&⑭
O is pink

T is blue



Ex: Let n = 3 .

Let's compute the
equivalence
classes

module
o = Exe/x = 0(mod 3)Y-3

=> ...; 9 ,
-6
,
-3
,
0
,
3
,
6
,
9, ... 3

T = Exe2)x = )(mod
3))

= Gor -8 , -5 ,
-2
,
1
,
4
,
7
,
10, ...4

i = Exe2)x
= z(mod

313

= Goo -10 , -7 ,
-4

,
-1
,
2
, 5 ,

8
, ing

By the super-duper
equivalence

relation theorem
we get that

-

5 =0 = 6 =q = - 9 = ...

T == = T= F = ...



z =
=
4 == =5 = 5

= ...

Thus , #3 = 28 , T ,23

fequivalenceclasses mod3

We partitioned & into 3 pieces :
-

↳

·<

⑭-

T T I



Ex: a 17
s+3

17 = 5(3) + 2
-

x-L
b = aq +

r

o = r < a

eorem(Division Algorithm)

Let a,be
with > O .

Then there exists
unique

integers q and r where

b = aq+ r
and or < a



RoofTencel
Let

s = (b - ax/*
Ex9

= a = 5 , b
= 17

- S

3i↑ Z
-

smallest
17 =Eelementof S -

↑



&&b -ax/ ,
03

Let's show SF4 .

Casel: Suppose
b > 0 .

Setting x = -1
we get

b - ax = b - a(
1 = b + ac,

0

T
b > 0

So
,
b- af 1) ES .

Ea > 0
case 2' Suppose b < O .

-

Set x = 26
and we get

b - ax = b
-
a(2b) = b(l

- 2a) > 0

-
ax!

b < O
- za= - 2

1 - 2a =
- 1

1-2a < O

Thus , b- a(2b)
-> S .



&&b -ax/ ,
03

So
, by case) and

case 2 , SF0 .

Since S is non-empty and it

consists of non-negative integers,
s must have a smallest element .

Letr be the smallest element of
S

.

Thus there exists qtI
with

r = b - aq and r = b - aq70 .

[I switched X toq
here.]

So,r .

We have ofr.

We must show that
<a.

Suppose instead that a < r .

Then 01-a .



Also, r - a = (b
- aq) - a

= q + 1) ES

has the form

b - aX

and r is
the

But r-a < M

smallest element
of S .

Thus
,
it can't be

that r-afs .

It's a contradiction.

Hence , r < a.

So, b
= aqtr with 0 <r < A .

E SupposeUniqueness
with 010a ,

and
b = aqtr

b = aq'7 r' with Ofr'
< a ,

where 7 ,
9', r'- R .



We will show q=q' and r
= p

Let's show that r = r'
means

Without loss
of generality , I sawo t

assume w, will
work

if ryr

EThen , r'-r > 0 .

Since b = aftr = aq'tr' we get

' C

Let k = q
- q .

ESo , ak
= r'- r.

equ
above

since

Then from
the

r'-r, 0
we

know
k
,
0
.

and
a > 0

Let's show k
= 0 .

Suppose K> 0.



If so , then

r- r = akya(l)
= a

.

↑

ER7

Then < G
However we

also have
that

N

T

↑ofr'a
a

R
T

so
Ii

N

This is nonsense !

So
, RDO ·

We must have
k = 0.

Thus
,
O = k = q-q' .



So
, q = q'

k
Also, o

= ar
= r' r

So, r = r'.

a---
-

-



Calculating module ndivisionalgorithmusing

Let xER .

Divide n into x
to get

&

LetM, 2 .

Ix = nq +
r

where q ,
rE2 and Or

.

Then , nq
= x - N

so
,
n((x - r) .

So
,
x =

r(modn)
Hence

,
F = F in En !
-



Ex : Let n = 4 .

--

Let X = 10
,
562

.

10
,
562 = 4(2640) + 2

&4

[- =un

r 25
* n

zu
-

16
So, 16

-n

10 , 562
= 2 (mod 4 02

-

- IL
-



Ex: n = 6

x = 220 Eo
220 = 6(36) +4 -4
- ↳ ↑
X

So
,

220 = 4 (mod6

-



Theorem : (Equivalence classes
- module n (
Letne with ,

2
.

Then

& n

= 20, 5 ,2, ... 14

These elements
are all distinct

.

That is , if8
<X = YIN-1

and X =J , then x
= Y .



: Let
n - 1

S = 20 ,T,
2
, ...s

- 3.

We want to
show that

En = S .

n

Note that
SER because

it consists
of equivalence

classes modulo
n .

We just need to
show

that En [S .

Let ZE In
where zER .

Divide z by n to get

z = nq + r



whereq, rE and 0-r < N
-

same as

or En -1

Then
,
z-r = nq .

So
,
n/(z - r) .

Thus , z = ↓ (ood
n)

.

Hence
,
E =F .

Thus
,
EES = 20,

5

, ...,
Fi

becauseOr In-1 .

Hence En[S .

So
,

En = S .

Why are all
the elements



of 30 , T ,
z

, ..., F-13 distinct ?

suppose
-

Uwith X = J

Let's show this
implies x = y .

super

Since x =J
we know duper

<
that xey(mran

. Je
thm ,

x = B
Thus

,
n/(y-X) .

iff

Hence k for Xwy

some
REE .

from above

Note O < y
- X

/

and n 22 >0 ,
thus

R> 0.

Since x[yEn-1 by

S



subtracting x we get

0<y - X <n- 1- X .

Since OX we
know

n-1 - X < n .

Thus
Summary so far :

nkwith ka,
o

and Oly - X < N

Let's Show k= 0 .

Suppose instead that
k> O .

If so , then



02y - x < n = nk
= y
- X

↑
assumingWR> 0ie R7/ 1

But then y -x
< y -X

Which can't happen
.

Hence k
= 0

.

So, y
- x = nk = n(0)

= 0 .

Thus
, y =X

--



Exi

&
=

= 20
,13
I& = 25, T ,
-

3
-

3& = 20 ,T, 2 , 3

Es = 20 ,5 ,2 ,5 , 53



D: A partition of a set

S is a family of sets A where

④ every AE A satisfies ACS ,

② WA = S
AEA

⑤ If A, BEA and AFB,
then AlB = 4 .

-: S = 21 , 2 , 3, 4 , 5, 63
A = E [1 ,

3
,
53, 163 , 22 43
m
Al Az As

0 A
,
[S

,
AzES , As ES

② WA = A
,UAzVAg

= S

AEt



③ A
,
1A
,
= 6 A ,

A
, 1As = 6 35&

of

oOnAzAs = 0 ~
Thus

,
I is a O

Z &G
&

partition ofS Az

----

TExi]
S = 2

= & ..., 3, 2 ,
-1
,
0
,
1
,

2
,
3, . ah

the equivalence
classes

Consider
moduloE &

They are
n = 3

-9 - 6= E: S
- 3
,
0
,
3
,
6
,
9, ...



T = & ..., 8 ,
-5
,
- 2

,
1
,
4
,
7
, ... 3

= = E ...if 4 ,
-1
,
2
,
5
,
8
, ... ]

The set of equivalence
classes

isa partionof
i

is



Theorem Let S be a

-

non-empty set .
Letm

equivalence
relation

be an

the set

on
S

.

Then

of equivalence
classes

S/ = Ealae S)

is a partition
of S .

meismosai-

then

roof:

① Let af S/ where at S .



Then,

a = 2 b/beS where arbYES

DES
② We have that E

↓

S = UEayUa = VaeS
aES ↑ aeS paes/

super
duperWactalaesithm

Thus
,

S = Wa .

aES/n

③ By the super-duper
equivalence

class theorem,
if a bes

-Lindaf5 , then a n5 = 0
⑭



Theorem

TetS be a non-empty set .

LetA be a partition of
5

.

Define a relation ~on
5 by

the following :

Given a bes,
then awb

if and only
if there exists

AEA where a E A and beA .

Then :

Du is an equivalence
relation
-

② S/ = A

don'tprove in class ,
mention

Prof:
Proof in notes (



Q
(reflexive)
-

Let xES .

By the def of partition ,
S = UA.
AEA

so
,

x eUA .

AEA

Thus , there
exists Act with

XEA .

So
,
XNX .

(symmetric
-

Let x ,y ESwith, ** A
Then there

with XEA and ye A -

So
,
ye A

and xEA .

Thus
, yex .



(transitive) Let x ,y , zeS-

with Xy and yuz.

Since Xry there
exists AEA

with XEA
and ye A .

since yaz there
exists BEA

with yeB and zeB.

Since ye AMB
we

know ARBFO .

Since A is a partition
and

A
,
BEA with AMBFG

3 of partitions
by property

must have
A= B.

We

Thus ,
xEA and ZEA ,

So, X-z
.



② We want to show that S/ =A

* Let a - S/n .

Pick the unique Aft
Where a t A .

Then a = A by def
of ~

.

So
,
a -> t .

# : Let Aft

Pick any
a A .

Then by the def
of -

we
have a = A .

So
,
A = a ES/N .

#


